Abstract. Let {V ℓ } ℓ be a strictly compatible rational system of Galois representations arising from geometry. Let V ss ℓ be the semisimplification of V ℓ , V ab ℓ the maximal abelian subrepresentation of V ss ℓ , and G ℓ the algebraic monodromy group of V ss ℓ . Conjecturally, the abelian part {V ab ℓ } ℓ is again a strictly compatible rational system (Conj. Ab). This conjecture has meaningful consequences to arithmetic geometry, for example, the Tate conjecture is independent of ℓ if Conj. Ab and the semisimplicity conjecture of Grothendieck hold. The main theme of this paper is to investigate Conj. Ab via ℓ-independence of G ℓ . More precisely, we prove that Conj. Ab follows if (i) G ℓ is connected for all ℓ, (ii) the tautological representation of the complex semisimple Lie group G der ℓ (C) is independent of ℓ, and (iii) the roots of G der ℓ (C) meet a criterion (Thm. 1.1). These conditions are satisfied under some group theoretic assumptions on G ℓ (Thm. 1. Introduction 1.1. Motivation. Fix a number field K and an embeddingQ ℓ ′ ֒→ C. The Langlands reciprocity conjecture [Lan79, §2] predicts a one-to-one correspondence between the isomorphism classes of irreducible cuspidal automorphic representations π of GL n (A K ) and the isomorphism classes of n-dimensional irreducibleQ ℓ ′ -representationsW ℓ ′ of Gal(K/K) arising from geometry, which preserves the local L-factors at almost all primes p:
1. Introduction 1.1. Motivation. Fix a number field K and an embeddingQ ℓ ′ ֒→ C. The Langlands reciprocity conjecture [Lan79, §2] predicts a one-to-one correspondence between the isomorphism classes of irreducible cuspidal automorphic representations π of GL n (A K ) and the isomorphism classes of n-dimensional irreducibleQ ℓ ′ -representationsW ℓ ′ of Gal(K/K) arising from geometry, which preserves the local L-factors at almost all primes p: if π corresponds toW ℓ ′ , then L p (π, p −s ) = L p (W ℓ ′ ⊗ C, p −s ). Arising from geometry here means thatW ℓ ′ is isomorphic to a subquotient of m j=1 H i j (X j ,Q ℓ ′ (r j )), where X j is smooth projective over K, X j := X j ×K, m ∈ N, 1 ≤ j ≤ m, and i j , r j ∈ Z. For the complete description of the one-to-one correspondence, see [Cl90, §4] ,[Tay04, Conj. 1.1, 3.4, 3.5].
Let π ↔W ℓ ′ be a correspondence arising from the Langlands reciprocity conjecture as above. Since the automorphic side of the conjecture is independent of ℓ, one obtains a correspondence π ↔W ℓ for every prime ℓ by the conjecture at ℓ and thus a system of Q ℓ -representations {W ℓ } ℓ of Gal(K/K). Since everyW ℓ arises from geometry and the local L-factors are preserved, the system {W ℓ } ℓ satisfies weak compatibility in the following sense: Definition 1. Let ρ ι : Gal(K/K) → GL n (F ι ) be a Galois representation over a characteristic zero field F ι for every ι belonging to an index set I. The system {ρ ι } ι is said to be weakly compatible if there exists an embedding F ι ֒→ C for every ι such that:
(i) for each ι, ρ ι is unramified at almost all finite places v of K;
(ii) for every pair ι, ι ′ of indices, the characteristic polynomials P v,ρι (t), P v,ρ ι ′ (t) of the Frobenii above v agree in C[t] via F ι ֒→ C ←֓ F ι ′ for almost all finite places v.
Let X be smooth projective over K. The Galois representation H i (X, Q ℓ ) is conjectured to be semisimple (Grothendieck). Deligne has proven that the system of ℓ-adic representations {V ℓ = H i (X, Q ℓ )} ℓ is strictly compatible rational (see §2.2) [De74] . The semisimplicity conjecture, the conjectural correspondence of Langlands, and the compatibility condition lead us to the following conjecture on the decomposition of the strictly compatible rational system {V ℓ } ℓ arising from geometry (meaning that {V ℓ } ℓ is a strictly compatible rational system and V ℓ ⊗Q ℓ arises from geometry for all ℓ).
Conjecture De. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry. Then there exist weakly compatible systems ofQ ℓ -representations {W (k) ℓ } ℓ for 1 ≤ k ≤ m such that for all ℓ, V ℓ admits the following decomposition: corresponds to a decomposition of M. Let {V ℓ } ℓ , {W ℓ } ℓ , {U ℓ } ℓ , ... be strictly compatible rational systems arising from geometry. Then any tensor construction of them is still strictly compatible rational arising from geometry. Therefore, one produces new strictly compatible rational systems by Conjecture Ab, e.g., {(V ℓ ⊗W ℓ )
? } ℓ , {(Sym 3 V ℓ ) ? } ℓ , where ? ∈ {ab, c}.
(ii) Factorization of L-function. Let ρ := {ρ ℓ : Gal(K/K) → GL(V ℓ )} ℓ be a strictly compatible rational system arising from geometry and S the exceptional subset of finite places of K for ρ. Denote by P v,ρ (t) := det(1 − ρ ℓ (Frobv)t) ∈ Q[t] the characteristic polynomial (independent of ℓ,v) of the Frobenius element atv on V ℓ wheneverv is a place ofK extending v of K, v / ∈ S, and v ∤ ℓ. The L-function of ρ (depends on S) is defined [Se98, Ch. I §2.5] to be
where Nv ∈ N is the norm of v. The L-function L(ρ, s) converges in some right half plane Re(s) > C. Denote by ρ ss the semisimplification of the system ρ and by ρ ab and ρ c the abelian and complementary subsystems of ρ ss . Since L(ρ, s) = L(ρ ss , s) and ρ ab and ρ c are strictly compatible rational with the exceptional set S by Conjecture Ab, we obtain a factorization
Since ρ ab arises from CM motives (Deligne's absolute Hodge cycles) [DMOS82] ,[FM93, [Sc94] , L(ρ ab , s) has meromorphic continuation to the complex plane.
(iii) ℓ-independence of the Tate conjecture. Let X be a smooth projective variety defined over K, g ℓ the Lie algebra of the image of Gal(K/K) in GL(H 2r (X, Q ℓ (r))), and CH r (X) the Chow group of codimension r cycles ofX. The Tate conjecture [Ta65] asserts that the image of the cycle map
is commutative, where α ℓ is the comparison isomorphism betweenétale and singular cohomology and c C is the cycle map for the complex manifold X(C).
is independent of ℓ by Conjecture Ab (resp. the diagram), we conclude that the Tate conjecture is independent of ℓ. Note that we only need Conjecture Ab for a big enough extension K ′ of K.
1.2.
Results. Let {V ℓ } ℓ be a strictly compatible rational system ( §2.2) of ℓ-adic (Q ℓ -) representations of Gal(K/K) arising from geometry ( §1.1). The semisimplification of V ℓ is represented by
The algebraic monodromy group of V ss ℓ , denoted by G ℓ , is defined as the Zariski closure of the Galois image ϕ ℓ (Gal(K/K)) in the Q ℓ -algebraic group GL V ss ℓ . Since ϕ ℓ is semisimple, we identify G ℓ as a reductive subgroup of GL N,Q ℓ for all ℓ. The tautological representation G • ℓ ֒→ GL N,Q ℓ is conjectured to be independent of ℓ [Se94] . For results on ℓ-independence of monodromy group of compatible system, see [Se72, Se85] , [Ri76] , [Chi92] , [Pi98] , [LP95] for abelian varieties and [LP92] , [Chin04] , [Hui13, Hui15a, Hui15b] for more general case.
Suppose G ℓ is connected for all ℓ. The derived group G der ℓ of G ℓ is connected and semisimple. Embed Q ℓ into C for all ℓ. Let T ss C be a maximal torus of the complex semisimple Lie group G der ℓ (C) and Γ the character group of T ss C . Then the automorphism group of T ss C is canonically isomorphic to the automorphism group of Γ. The roots R of G der ℓ (C) (with respect to T ss C ) are the subset of Γ given by the non-zero characters of the adjoint representation. The main theme of the paper is
⇒ Conjecture Ab a criterion on R Theorem 1.1. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry, with the exceptional set S. Let G ℓ be the algebraic monodromy group of V ss ℓ for all ℓ. Suppose the following conditions hold:
(i) G ℓ is connected for all ℓ;
(ii) the conjugacy class of G der ℓ (C) in GL N (C) is independent of ℓ; (iii) the roots R of G der ℓ (C) are stable under the normalizer N GL N (C) (T ss C ). Then the abelian part {V ab ℓ } ℓ is strictly compatible rational with the same exceptional set S. Remark 1.2. Condition 1.1(i) is equivalent to G ℓ ′ being connected for some ℓ ′ by Serre (see §2.1). Thus, one can take a finite extension of K for 1.1(i) to hold. Condition 1.1(ii) implies that 1.1(iii) is independent of ℓ.
The ℓ-independence condition 1.1(ii) and the roots criterion 1.1 (iii) can be checked in specific cases. However, they are always satisfied under Hypothesis A [Hui15b, §3] (see 1.3(ii)). Together with a determination of almost simple Lie groups satisfying these conditions, we obtain the next result. Theorem 1.3. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry, with the exceptional set S. Let G ℓ be the algebraic monodromy group of V ss ℓ for all ℓ. Suppose (i) G ℓ is connected for all ℓ and one of the following conditions hold:
(ii) Hypothesis A: there exists some ℓ ′ such that G der ℓ ′ (C) has at most one factor of type A 4 and if H C is an almost simple factor of G der ℓ ′ (C), then H C is of type A n for some n ∈ N\{1, 2, 3, 5, 7, 8}; (ii') the conjugacy class of G (iii) {W ℓ } ℓ extendsW ℓ ′ ; (iv) for all ℓ, descendW ℓ to an E ℓ -representation W ℓ in which E ℓ is a finite extension of Q ℓ . Then the local representations of W ℓ above ℓ are of Hodge-Tate type. Then { mW ℓ } ℓ is a subsystem of {V ss ℓ ⊗Q ℓ } ℓ . 1.3. Outline. The idea behind Theorems 1.1 and 1.5 is that an irreducible representation W ℓ ′ is a subrepresentation of a semisimpleV ℓ ′ (denoted byW ℓ ′ ≤V ℓ ′ ) if and only ifV ℓ ′ ⊗W * ℓ ′ = Hom(W ℓ ′ ,V ℓ ′ ) has non-trivial invariants; to do the same thing for a family {W ℓ ,V ℓ } ℓ assuminḡ W ℓ ′ ≤V ℓ ′ for some ℓ ′ , it suffices to show that the tautological representationV ℓ ⊗W * ℓ of its algebraic monodromy group H ℓ is independent of ℓ. Section 2 is devoted to the proofs of Theorems 1.1, (part of) 1.3, 1.5, which rely on the ideas we have developed in [Hui13, Hui15b] . The criterion on the roots R (1.1(iii)) ensures the desired ℓ-independence of the tautological representations of H ℓ . Section 3 is devoted to the study of the criterion on R by a geometric configuration of R ⊂ Γ ⊗ R. The results will complete the proof of Theorem 1.3.
2. Abelian part of compatible system 2.1. Frobenius tori. Let E ℓ be a finite extension of Q ℓ and fix an embedding E ℓ ֒→ C for all ℓ. Let {V ℓ } ℓ be a weakly compatible (Definition 1) system of semisimple E ℓ -representations:
The algebraic monodromy group G ℓ of V ℓ is reductive. (i) the absolute values of α in all complex embeddings are equal; (ii) α is a unit at any finite place not above p v ; (iii) for any non-Archimedean valuation w ofQ such that w(p v ) > 0, the ratio w(α)/w(q v )
belongs to a finite subset of Q that is independent ofv.
Then there exists a proper closed subvariety Y of G ℓ ′ such that Tv ,ℓ ′ is a maximal torus of
The following consequences are well-known.
Corollary 2.2. Suppose the hypotheses of Theorem 2.1 hold. Then G ℓ is connected for all ℓ.
Proof. By the Chebotarev density theorem, G ℓ is the Zariski closure of the image of the Frobenii ψ ℓ (Frobv) for a density 1 subset S of places v. Moreover, we can choose S such that Tv ,ℓ ′ is a maximal torus of G ℓ ′ for all v ∈ S by Theorem 2.1. Since G ℓ ′ is connected reductive, the smallest algebraic subgroup of G ℓ ′ containing ψ ℓ ′ (Frobv) is connected if Tv ,ℓ ′ is a maximal torus. Hence, G ℓ is generated by the Frobenius tori Tv ,ℓ (for all v ∈ S) by the weak compatibility. We conclude that G ℓ is connected for all ℓ.
Corollary 2.3. Suppose the hypotheses of Theorem 2.1 hold. Let T ℓ,C be a maximal torus of G ℓ (C). Then the tautological representation of T ℓ,C is independent of ℓ. In particular, the rank of G ℓ is independent of ℓ.
Proof. For any ℓ, ℓ ′ , we can find somev such that both Tv ,ℓ and Tv ,ℓ ′ are maximal Frobenius tori of G ℓ and G ℓ ′ respectively by Corollary 2.2 and Theorem 2.1. By weak compatibility, the tautological representations of Tv ,ℓ (C) and Tv ,ℓ ′ (C) are isomorphic. Since all maximal tori of a connected reductive group (over algebraically closed field) are conjugate, we are done.
The conditions on Frobenius eigenvalues of Theorem 2.1 always hold for E ℓ -representations arising from geometry.
2.2.
Locally algebraic abelian representations. This subsection describes the essence of [Se98, Ch. II, III]. Let Art :
ab be the Artin map and i : (K ⊗ Q Q ℓ ) * ֒→ I K the embedding. Let E ℓ be a finite extension of Q ℓ and T := Res K/Q G m the Q-torus given by the Weil restriction of scalars. For any Q-algebra A, we have the group isomorphism
for all x ∈ (K ⊗ Q Q ℓ ) * close enough to the identity (ℓ-adic topology), where we identify
Local algebraicity of ρ ℓ depends only on the local representations of ρ ℓ above ℓ, i.e., the restrictions of ρ ℓ to the decomposition groups of Gal(K/K) at the places ofK above ℓ. This property is invariant under field extensions of E ℓ (obviously) as well as the restriction of scalars. 
The Serre group S m is a diagonalizable group over Q satisfying the short exact sequence
where T m is the identity component of S m .
Proposition 2.6. [Se98, Ch. II §2] We list some properties of ǫ ℓ and S m .
(i) The representation ǫ ℓ is unramified outside S and S ℓ , the places v of K above ℓ.
(ii) The image of the Frobenii above v belong to S m (Q) for all v / ∈ S ∪ S ℓ and is dense in S m . (iii) The representations of S m are always semisimple. (iv) The finite group C m is the Galois group of the class field of K corresponding to m.
(i) ρ ℓ is locally algebraic if and only if it is associated to some Serre group S m .
(ii) If ρ ℓ is locally algebraic and unramified outside a finite set of places S, then it is associated to some Serre group S m with Supp(m) = S.
representation and E a number field contained in E ℓ . Then ϕ ℓ is said to be E-rational if ϕ ℓ is unramified outside a finite subset S of finite places v of K and the characteristic polynomial P v,ϕ ℓ (t) of the Frobenii above v belongs to E[t] for all v outside S. The term Q-rational is abbreviated as rational.
For any finite place v of a number field, let p v be the characteristic of v. For any number field E with a finite place λ, let E λ be the completion of E with respect to λ. An E λ -representation is also called a λ-adic representation.
Definition 6. [Se98, Ch. I §2] For each finite place λ of E, let ϕ λ be an E-rational λ-adic representation of Gal(K/K). The system {ϕ λ } λ is said to be strictly compatible if there exists a finite subset S of finite places v of K, called the exceptional set of {ϕ λ } λ , such that:
is associated to some Serre group S m , then ρ ℓ is semisimple and E-rational for some subfield E of the Galois closure of K and the |C m |th roots of unity inQ, where the finite group C m is defined in (4).
is associated to some Serre group S m , then there exist a strictly compatible E-rational system {ρ λ } λ of semisimple abelian λ-adic representations with the exceptional set Supp(m) and a local field isometry E λ ′ ∼ = E ℓ ′ for some λ ′ such that
Proof. By Theorem 2.8 and [Se98, Ch. II §2.4], η ℓ ′ (in Definition 4) is the base change to E ℓ ′ of an E-morphism η : S m,E → GL n,E and we may assume the number field E is dense in E ℓ ′ . Then η induces the desired system of λ-adic representations (see e.g. [Se98, Ch. II
The following converse of Theorem 2.8 (in light of Theorem 2.7) follows from the arguments of Serre in [Se98, Ch. III §3] and a result of transcendental numbers by Waldschmidt [Wa81] .
] Let L be a finite extension of Q ℓ and B HT := i∈Z C ℓ (i) the period ring, where the Gal(L/L)-module C ℓ (i) is the twist of C ℓ (the completion ofL) by the ith power of the cyclotomic character. A continuous
is an isomorphism.
Remark 2.11. The E ℓ -representation V ℓ is viewed as a Q ℓ -representation in (7).
is locally algebraic if and only if the local representations of
of Hodge-Tate type and (ii) semisimple when restricted to the inertia groups.
Given a continuous semisimple abelian E ℓ -representation
the results of this subsection are summarized by the diagram.
A. ρ ℓ is locally algebraic; B. ρ ℓ is locally algebraic as a Q ℓ -representation; C. ρ ℓ is associated to some Serre group S m ; D. ρ ℓ is E-rational; E. ρ ℓ can be extended to a strictly compatible E-rational system of semisimple abelian λ-adic representations with the exceptional set Supp(m); F. The local representations above ℓ of ϕ ℓ are of Hodge-Tate type.
2.3. Formal bi-character. Let G C be a connected reductive Lie subgroup of GL n (C) and G der C the derived group (semisimple part) of G C . Let T C be a maximal torus of G C and T
• the maximal torus of G der C . Since all maximal tori of G C are conjugate, the following definition makes sense.
. Let E ℓ be a finite extension of Q ℓ and fix an embedding E ℓ ֒→ C for all ℓ. Consider a weakly compatible system of semisimple E ℓ -representations
and denote by G ℓ the algebraic monodromy group of ψ ℓ .
Theorem 2.13. Suppose {ψ ℓ } ℓ satisfies the following conditions: (i) G ℓ is connected for all ℓ;
(ii) for each ℓ, the eigenvalues of ψ ℓ (Frobv) satisfy the conditions in Theorem 2.1 for almost all finite places v of K; (iii) the local representations above ℓ of ψ ℓ are of Hodge-Tate type for all ℓ.
Then the formal bi-character of G ℓ (C) ֒→ GL n (C) is independent of ℓ.
Remark 2.14. In case {ψ ℓ } ℓ is only a strictly compatible rational system of Q ℓ -representations without the three conditions, Theorem 2.13 follows from [Hui13, Thm. 3.19 
Since W ℓ is abelian semisimple and its local representations above ℓ are of Hodge-Tate type by construction, W ℓ is associated to some Serre group by the diagram (9), which implies that the center Z(H 
Since the projection of H ℓ ⊂ GL n,E ℓ × GL m,E ℓ to the second factor is S m,E ℓ by Proposition 2.6(ii), we conclude with (12) that
(ii) (the Frobenius eigenvalues conditions), the restriction {(ψ ℓ ⊕ ρ ℓ )| Gal(K/L) } ℓ satisfies (ii) and weak compatibility for any finite extension L of K. By Corollary 2.2, we can find some finite extension L such that the algebraic monodromy group of (ψ ℓ ⊕ ρ ℓ )| Gal(K/L) is the identity component H • ℓ for all ℓ. By applying Corollary 2.3 to the system {(ψ ℓ ⊕ ρ ℓ )| Gal(K/L) } ℓ , we obtain a maximal torus T ℓ,C (Frobenius torus) of the connected reductive Lie group H • ℓ (C), in which the construction implies that the tautological representation
is independent of ℓ, i.e., for all ℓ ′ , ℓ ′′ , T ℓ ′ ,C and T ℓ ′′ ,C are conjugate in GL n (C) × GL m (C). If we let π 1 (resp. π 2 ) be the projection of GL n (C) × GL m (C) to the first (resp. second) factor, then the ℓ-independence of (14) implies the tautological representation
is independent of ℓ.
is a maximal torus of G ℓ (C). Since we have π 2 (H ℓ ) = S m,E ℓ and (13), we deduce that
is a maximal torus of G der ℓ (C). Therefore, we conclude that (15), the formal bi-character of G ℓ (C) ֒→ GL n (C), is independent of ℓ. Back to the semisimple weakly compatible system (10): (i) G ℓ is connected for all ℓ; (ii) for each ℓ, the eigenvalues of ψ ℓ (Frobv) satisfy the conditions in Theorem 2.1 for almost all finite places v of K; (iii) the local representations above ℓ of ψ ℓ are of Hodge-Tate type for all ℓ; (iv) the conjugacy class of G der ℓ (C) in GL n (C) is independent of ℓ; (v) the roots R of G der ℓ (C) are stable under the normalizer N GLn(C) (T ss C ). Then the conjugacy class of G ℓ (C) in GL n (C) is independent of ℓ. In particular, the dimension of the abelian part (E n ℓ ) ab (resp. the invariants (E n ℓ ) Gal(K/K) ) is independent of ℓ.
Proof. The formal bi-character of G ℓ (C) ֒→ GL n (C) is independent of ℓ by (i),(ii),(iii) and Theorem 2.13. Then (iv),(v) and Propositions 2.16, 2.15 imply that the conjugacy class of G ℓ (C) in GL n (C) is independent of ℓ.
Proofs of the theorems.
Theorem 1.1. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry, with the exceptional set S. Let G ℓ be the algebraic monodromy group of V ss ℓ for all ℓ. Suppose the following conditions hold:
(ii) the conjugacy class of G der ℓ (C) in GL N (C) is independent of ℓ; (iii) the roots R of G der ℓ (C) are stable under the normalizer N GL N (C) (T ss C ). Then the abelian part {V ab ℓ } ℓ is strictly compatible rational with the same exceptional set S.
Proof. Since {V ℓ } ℓ is strictly compatible rational arising from geometry, {V 
. Since W ℓ ′ arises from geometry, its local representations above ℓ ′ are of Hodge-Tate type [Fa88] . By the diagram (9) and Theorem 2.7(ii), W ℓ ′ is associated to some Serre group S m with Supp(m) = S ∪ S ℓ ′ . Since X ℓ ′ is finite, there exists a number field E dense in E ℓ ′ such that for every W ℓ ′ ∈ X ℓ ′ , W ℓ ′ extends to a strictly compatible E-rational system of semisimple abelian λ-adic representations {W λ } λ with the exceptional set S ∪ S ℓ ′ by the diagram (9). Suppose {W 1,λ } λ , {W 2,λ } λ are the λ-adic systems corresponding to W 1,ℓ ′ , W 2,ℓ ′ ∈ X ℓ ′ . By the strict compatibility of the systems,
Let λ ′ be the prime of E corresponding to E ֒→ E ℓ ′ . For every prime ℓ other than ℓ ′ , fix a λ that divides ℓ and let E ℓ be the completion of E with respect to λ. Then we obtain for every W ℓ ′ ∈ X ℓ ′ , a subfamily {W ℓ } ℓ of {W λ } λ , indexed by ℓ, satisfying the following properties.
Proposition 2.18. The system {W ℓ } ℓ extends W ℓ ′ and is a weakly compatible system of E ℓ -representations. Moreover, W ℓ is unramified outside (S ∪ S ℓ ′ ) ∪ S ℓ .
The invariant dimension of the representation Hom
counts the number of copies of W ℓ in V ab ℓ by (18). Assume (20) is independent of ℓ for each W ℓ ′ ∈ X ℓ ′ , then the facts that {W ℓ } ℓ extends W ℓ ′ and dim V ab ℓ is independent of ℓ, together with (19) and Proposition 2.18, imply that for any pair of primes ℓ ′′ , ℓ ′′′ ,
Roughly speaking, it says that the eigenvalues of Frobenius on V ab ℓ is independent of ℓ. Let P v (t) be the characteristic polynomial in (21). Then P v (t) ∈ Q ℓ [t] for almost all ℓ because V ab ℓ is a Q ℓ -vector space. Since P v (t) ∈ E[t] and E is a finite extension of Q, we obtain P v (t) ∈ Q[t]. Thus, {V ab ℓ } ℓ is a strictly compatible rational with the exceptional set S ∪ S ℓ ′ . By picking another prime ℓ ′′ not equal to ℓ ′ in the second paragraph of this proof and repeat the above arguments, we conclude that {V ab ℓ } ℓ is a strictly compatible rational with the exceptional set S.
To complete the proof, it remains to prove that (20) is independent of ℓ for each W ℓ ′ ∈ X ℓ ′ . It suffices to verify the five conditions of Corollary 2.17 for the semisimple weakly compatible system {V has at most one factor of type A 4 ; • if H C is an almost simple factor of G ′ der C , then H C is of type A n for some n ∈ N\{1, 2, 3, 5, 7, 8}. Then G C and G Theorem 1.3. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry, with the exceptional set S. Let G ℓ be the algebraic monodromy group of V ss ℓ for all ℓ. Suppose (i) G ℓ is connected for all ℓ and one of the following conditions hold:
(ii) Hypothesis A: there exists some ℓ ′ such that G der ℓ ′ (C) has at most one factor of type A 4 and if H C is an almost simple factor of G der ℓ ′ (C), then H C is of type A n for some n ∈ N\{1, 2, 3, 5, 7, 8}; (ii') the conjugacy class of G (i+ii'): It follows directly from Theorems 1.1 and 3.2.
Theorem 1.5. Let {V ℓ } ℓ be a strictly compatible rational system arising from geometry. Let G ℓ be the algebraic monodromy group of V ss ℓ for all ℓ. Suppose (i) G ℓ is connected for all ℓ and (ii) Hypothesis A is satisfied. Let mW ℓ ′ be aQ ℓ ′ -subrepresentation of V ss ℓ ′ ⊗Q ℓ ′ for some ℓ ′ and {W ℓ } ℓ a weakly compatible system of irreducibleQ ℓ -representations satisfying the following conditions:
(iv) for all ℓ, descendW ℓ to an E ℓ -representation W ℓ in which E ℓ is a finite extension of Q ℓ . Then the local representations of W ℓ above ℓ are of Hodge-Tate type.
Proof. The idea is similar to Theorem 1.1. Consider the semisimple weakly compatible system
is independent of ℓ, which follows from Corollary 2.17 once we check the five conditions for the system (22).
Since G ℓ is connected for all ℓ (i), H ℓ is also connected and we obtain 2.17(i). Since W ℓ ′ is arises from geometry and {W ℓ } ℓ is weakly compatible satisfying (iv), the system (22) satisfies 2.17(ii),(iii). Theorem 2.13 then implies that (24) the formal bi-character of H ℓ (C) ֒→ GL M (C) is independent of ℓ if M is the dimension of (22). Since {G ℓ } ℓ satisfies Hypothesis A and G ℓ surjects onto H ℓ for all ℓ, the family {H ℓ (C)} ℓ of connected reductive Lie groups also satisfies Hypothesis A. Therefore, 2.17(iv),(v) follow from Theorem 2.19 and (24).
Geometry of roots
Let G C be a connected semisimple complex Lie subgroup of GL N (C) and T C a maximal torus of G C . Denote by Γ the character group of T C and by R ⊂ Γ the roots of G C with respect to T C . Let f : G C ֒→ GL N (C) be the tautological representation. Then the normalizer N GL N (C) (T C ) acts on Γ. We are interested in the following question:
Theorem 3.1 (a consequence of Theorem 2.19) below answers Q for some type A semisimple G C . The goal of this section is to study Q under the assumption that G C is almost simple (Theorem 3.2), i.e., the Lie algebra g of G C is a complex simple Lie algebra. In the CartanKilling classification, g is one of A n (n ≥ 1), B n (n ≥ 2), C n (n ≥ 3), D n (n ≥ 4), E 6 , E 7 , E 8 , F 4 , and G 2 .
Theorem 3.1. Let G C be a connected semisimple complex Lie group satisfying the Lie type conditions in Hypothesis A, i.e.,
• G C has at most one factor of type A 4 ;
• if H C is an almost simple factor of G C , then H C is of type A n for some n ∈ N\{1, 2, 3, 5, 7, 8}. Then R is stable under N GL N (C) (T C ) for all embedding f of G C . Theorem 3.2. Let G C be a connected almost simple complex Lie group.
( there exists a pair (G C , f ) such that G C is of type g and R is not stable under N GL N (C) (T C ).
3.1. A geometric viewpoint. We introduce a geometric viewpoint on the configuration of R in Γ ⊗ Z R that we learned from [LP90, §1] and developed in [Hui13, §2] . This viewpoint is also the starting point of Theorem 2.19, see [Hui13, §2] , [Hui15b, §3] . Let Γ be the character group of the maximal torus T C , Z[Γ] the group ring, and R (resp. W ) the roots (resp. the Weyl group) of the connected complex semisimple G C with respect to T C . Then the formal character
where α 1 , ..., α N are the multiset of the weights of f with respect to T C . Consider the Rvector space Γ ⊗ Z R. The formal character defines a positive definite inner product ( , ) on the dual space (Γ ⊗ Z R) * by
This non-degenerate pairing induces an isomorphism Γ ⊗ Z R → (Γ ⊗ Z R) * mapping x to x * . Then we obtain a positive definite inner product , on Γ ⊗ Z R such that x 1 , x 2 = (x * 1 , x * 2 ) for all x 1 , x 2 ∈ Γ ⊗ Z R. Since the normalizer N C := N GL N (C) (T C ) fixes Char(f ), N C is isometric on the metric space Γ⊗ Z R induced by , . Since the Weyl group W is a subgroup of N C , we conclude that W is isometric on Γ ⊗ Z R.
Consider the set of almost simple factors of G C :
• is a maximal torus of H j,C . Let Γ j be the character group of T j,C and R j (resp. W j ) the roots (resp. Weyl group) of H j,C with respect to the maximal torus T j,C . Since R j spans Γ j ⊗ Z R, the disjoint union R = m j=1 R j induces a direct sum decomposition: 
There is a strong geometric connection between R and R ′ . Let r ∈ R, r ′ ∈ R ′ , and θ the angle between them. Since r ′ and r are characters of T C , we obtain (29) 2 r ′ , r r, r ∈ Z, 2 r, r ′ r ′ , r ′ ∈ Z by (28). This implies 4 cos 2 θ ∈ Z and θ can only be a multiple of 30
• or 45
• (see [Hui13, §2] ).
Example: Notation as above. The semisimple Lie group G C = SL 2 (C) × SL 2 (C)/ ± (−Id, −Id) is a subgroup of the simple exceptional Lie group G ′ C of type G 2 and f is the restriction to G C of the adjoint representation Ad : G ′ C ֒→ GL N (C). Since T C is also a maximal torus of G ′ C , the configuration of the nonzero weights of f on Γ ⊗ Z R with respect to , is just some positive multiple of the root system of G 2 (the figure). As f contains the adjoint representation of G C as a subrepresentation, the roots R = R 1 R 2 of G C must appear in the figure. Since (27) is an orthogonal sum, R 1 and R 2 are perpendicular. Without loss of generality, assume R 1 = {e 1 , −e 1 } and R 2 = {e 2 , −e 2 }. Then we obtain ||e 2 || = √ 3||e 1 ||. On the other hand, we see that the angles between R (red) and R ′ (red or blue) are multiples of 30
• .
e 1 e 2 G 2 3.2. Proof of Theorem 3.2. The notation in §3.1 remains in force. There is a lattice Λ of Γ ⊗ Z R containing Γ, known as the weight lattice. The construction is as follows. Let G C be the universal covering of G C , T C a maximal torus of G C mapping onto T C , and Λ the character group of T C . Then the character group Γ of T C injects into Λ as a finite index subgroup. Hence, Λ ⊗ Z R can be identified as Γ ⊗ Z R. Suppose G C is simple and let g ∈ N C . Then g is orthogonal on Λ ⊗ Z R. Denote by G ′ C the subgroup gG C g −1 in GL N (C). Then G C and G ′ C share the common maximal torus T C and R ′ = gR. We first prove that R = R ′ in Λ if the Lie algebra g of G C is not equal to A 7 , A 8 , B 4 , D 8 (Theorem 3.2(i)). The configuration R ⊂ Λ ⊂ Λ ⊗ Z R, up to normalization, is the same as the configuration of the root system of the complex simple Lie algebra g [GOV94, Table 1 ].
3.2.1. g = A n . Let r ∈ R, r ′ ∈ R ′ , and θ the angle between them. Since R ′ = gR, we obtain ||r|| = ||r ′ ||. Thus, θ is a multiple of 60 • or 90
• (2 cos θ ∈ Z by (29)). We follow the crucial computation in [Hui13, Prop. 2.8]. Normalize Λ ⊗ Z R such that ||r|| = √ 2. There exist weights e 1 , ..., e n , e n+1 ∈ Λ such that 0 = e 1 + e 2 + ... + e n + e n+1 Λ = Ze 1 ⊕ · · · ⊕ Ze n e i , e j = n n+1
and the roots R comprise the set {e i − e j : 1 ≤ i = j ≤ n + 1}. Since r ′ ∈ Λ, write r ′ = a 1 e 1 + · · · + a n e n as an integral combination. Consider r = e i − e j where i, j ≤ n. By (30), we have 2 cos θ = r ′ , r = a 1 e 1 + · · · + a n e n , e i − e j
Then consider r = e i − e n+1 where i ≤ n. By (30), we have r = e 1 + e 2 + · · · + e i−1 + 2e i + e i+1 + · · · + e n , so 2 cos θ = r ′ , r = a 1 e 1 + · · · + a n e n , e 1 + e 2 + · · · + e i−1 + 2e
by (31) and (32), which means that either all a i ∈ {0, 1} or all a i ∈ {0, −1}. Therefore, we obtain 2 = r ′ , r ′ = a 1 e 1 + · · · + a n e n , a 1 e 1 + · · · + a n e n = n i=1 na
where k is the number of zero a i . Since the integral equation (34) has a solution (k, n) ∈
3.2.2. g = B n . Under suitable normalization, Λ ⊗ Z R is isometric to the Euclidean space R n . The weight lattice Λ is the lattice generated by the standard basis {e 1 , ..., e n } and e 1 +···+en 2 . The roots R = {±e i , ±e i ± e j : 1 ≤ i = j ≤ n}.
Let r ′ ∈ R ′ be a short root, i.e., ||r ′ || = 1. Write r ′ = a 1 e 1 +···+anen 2 as a half-integral combination. Then either all a i are even or all a i are odd. In the even case, ||r ′ || = 1 implies r ′ ∈ R. In the odd case, ||r ′ || = 1 implies n = 4. Hence, the short roots
3.2.3. g = C n . Under suitable normalization, Λ ⊗ Z R is isometric to the Euclidean space R n . The weight lattice Λ is the lattice generated by the standard basis e 1 , ..., e n . The roots
Since all weights of length √ 2 belong to R, the short roots
3.2.4. g = D n . Under suitable normalization, Λ ⊗ Z R is isometric to the Euclidean space R n . The weight lattice Λ is the lattice generated by the standard basis e 1 , ..., e n and e 1 +···+en 2 (same as B n ). The roots R = {±e i ± e j : 1
as a half-integral combination. Then either all a i are even or all a i are odd. In the even case, ||r ′ || = √ 2 implies r ′ ∈ R. In the odd case, ||r ′ || = √ 2 implies n = 8. This implies R = R ′ if n = 8.
3.2.5. g = E 6 , E 7 , E 8 . Denote the weight lattice (resp. the roots) of E 6 , E 7 , E 8 by Λ 6 , Λ 7 , Λ 8 (resp. R 6 ,R 7 ,R 8 ). 
where R 8 consists of all the 240 weights of length √ 2, e.g., e 1 − e 2 and e 2 − e 3 . This implies R = R ′ . E 7 : Under suitable normalization, Λ 7 ⊗ Z R is the orthogonal complement in Λ 8 ⊗ Z R of any root α ∈ R 8 . The set of roots R 7 is just the set of 126 elements in R 8 ∩ (Λ 7 ⊗ Z R) and Λ 7 is the orthogonal projection of Λ 8 to Λ 7 ⊗ Z R. To see the last point, let G ′ C be a complex simple Lie group of type E 8 , it contains a subgroup SL 2 (C). By [Ad96, Ch. 8], the identity component of the centralizer of SL 2 (C) in G ′ C , denoted by G C , is of type E 7 and contains the center of SL 2 (C). This implies G C is simply connected. As G ′ C is also simply connected, the embedding G C ֒→ G ′ C induces a surjection map of the weight lattices Λ 8 ։ Λ 7 . This is an explicit description of Λ 7 . For example, we take α = e 1 − e 2 . If w = a 1 e 1 + · · · + a 8 e 8 ∈ Λ 8 , then the orthogonal projection along α is (36) w ′ := ( a 1 + a 2 2 )e 1 + ( a 1 + a 2 2 )e 2 + a 3 e 3 + · · · + a 8 e 8 .
Suppose ||w ′ || = √ 2 and the a i are integers, then a 1 + a 2 must be even for the integral equation ||w ′ || 2 = 2 and we see by (36),(35) that w ′ ∈ Λ 8 . Thus, w ′ ∈ R 8 ∩ (Λ 7 ⊗ Z R) = R 7 . Suppose ||w ′ || = √ 2 and all the a i are half integers, write
which is impossible. Therefore, any weight w ′ ∈ Λ 7 of length √ 2 belongs to R 7 . We conclude that R = R ′ . E 6 : The strategy is similar to E 7 . Under suitable normalization, Λ 6 ⊗ Z R is the orthogonal complement in Λ 8 ⊗ Z R of a suitable chosen pair of roots α, β ∈ R 8 . The set of roots R 6 is just the set of 72 elements in R 8 ∩ (Λ 6 ⊗ Z R) and Λ 6 is the orthogonal projection of Λ 8 to Λ 6 ⊗ Z R. To see the last point, let G ′ C be a complex simple Lie group of type E 8 , it contains a subgroup SL 3 (C). By [Ad96, Ch. 8], the identity component of the centralizer of SL 3 (C) in G ′ C , denoted by G C , is of type E 6 and contains the center of SL 3 (C). This implies G C is simply connected. As G ′ C is also simply connected, the embedding G C ֒→ G ′ C induces a surjection map of the weight lattices Λ 8 ։ Λ 6 . This is an explicit description of Λ 6 . For example, we take α = e 1 − e 2 , β = e 2 − e 3 . If w = a 1 e 1 + · · · + a 8 e 8 ∈ Λ 8 , then the orthogonal projection along α, β is (38) w ′ := ( a 1 + a 2 + a 3 3 )e 1 + ( a 1 + a 2 + a 3 3 )e 2 + ( a 1 + a 2 + a 3 3 )e 3 + a 4 e 4 + · · · + a 8 e 8 .
Suppose ||w ′ || = √ 2 and the a i are integers, then a 1 + a 2 + a 3 must be divisible by 3 for the integral equation ||w ′ || 2 = 2 and we see by (38),(35) that w ′ ∈ Λ 8 . Thus, w ′ ∈ R 8 ∩ (Λ 6 ⊗ Z R) = R 6 . Suppose ||w ′ || = √ 2 and all the a i are half integers, write a i = b i /2. We have two cases. First, if b 1 + b 2 + b 3 is divisible by 3, then w ′ ∈ Λ 8 by (38),(35). Thus, w ′ ∈ R 8 ∩ (Λ 6 ⊗ Z R) = R 6 . Second, if b 1 + b 2 + b 3 is not divisible by 3, then ||w ′ || 2 = 2 is equivalent to , which is impossible. Therefore, any weight w ′ ∈ Λ 6 of length √ 2 belongs to R 6 . We conclude that R = R ′ .
3.2.6. g = F 4 . Under suitable normalization, Λ ⊗ Z R is isometric to the Euclidean space R 4 . The weight lattice Λ is the lattice generated by the standard basis e 1 , e 2 , e 3 , e 4 and e 1 +e 2 +e 3 +e 4 2
(same as B 4 ). The roots R = {±e i , ±e i ± e j , ±e 1 ±e 2 ±e 3 ±e 4 2
: 1 ≤ i = j ≤ n}. Since R consists of all weights of length 1 or √ 2, we obtain R = R ′ .
3.2.7. g = G 2 . The weight lattice Λ is generated by the roots R. By observing the root system of G 2 , one sees that the shortest nonzero weights of Λ belong to R. Hence, the short roots R ′• of R ′ belong to R. Since R ′• determines R ′ , we obtain R = R ′ .
3.2.8. Theorem 3.2(ii). It remains to prove Theorem 3.2(ii). Let G ′ C be a connected complex simple Lie group with Lie algebra g ′ ∈ {E 7 , E 8 , F 4 }. Embed G ′ C in some GL N (C). When G ′ C is of type E 7 , it contains an equal rank subgroup G C of type A 7 ; when G ′ C is of type E 8 , it contains an equal rank subgroup G C of type A 8 (resp. D 8 ); when G ′ C is of type F 4 , it contains an equal rank subgroup G C of type B 4 [GOV94, Table 5 ]. Then we obtain an embedding f : G C ֒→ G ′ C ֒→ GL N (C). Pick a maximal torus T C of G C , then it is also a maximal torus of G ′ C . If the normalizer N C := N GL N (C) (T C ) preserves the roots R of G C , then the Weyl group W ′ of G ′ C preserves R. Since W ′ is orthogonal on Λ ⊗ Z R, W ′ acts on the set P of Weyl chambers of R ⊂ Λ ⊗ Z R [FH91, §14]. Each Weyl chamber corresponds to a set of positive roots R + of R. The order of P is equal to the order of W , the Weyl group of G C .
Let R + ∈ P and H the stabilizer of R + in W ′ . Since W ′ is faithful and orthogonal on Λ ⊗ Z R, H is an automorphism group of the Dynkin diagram [GOV94, Table 1 ] of G C (or g). As W is simply transitive on P , we obtain |H| = |W ′ |/|W |. For any embedding f : G C ֒→ GL N (C) in the first paragraph, we have |H| > 2 by the table above. This contradicts that the automorphism group of the Dynkin diagram of A 7 , A 8 , B 4 , D 8 has order at most 2. We conclude that N C does not preserve the roots R.
Remark 3.3. The exceptional complex simple Lie group G ′ C of type G 2 contains SL 3 (C) (type A 2 ) as an equal rank subgroup. The arguments above do not contradict Theorem 3.2(i) for G C = SL 3 (C) because the orders of the Weyl groups of G 2 and A 2 are respectively 12 and 6 and 12 6 = 2 is the order of the automorphism of the Dynkin diagram of A 2 .
